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LEIBNIZ ALGEBRAS WITH DERIVATIONS
APURBA DAS
Abstract. In this paper, we consider Leibniz algebras with derivations. A pair consisting of a
Leibniz algebra and a distinguished derivation is called a LeibDer pair. We define a cohomology
theory for LeibDer pair with coefficients in a representation. We study central extensions and
abelian extensions of a LeibDer pair. In the next, we generalize the formal deformation theory
to LeibDer pairs in which we deform both the Leibniz bracket and the distinguished derivation.
It is governed by the cohomology of LeibDer pair with coefficients in itself. Finally, we consider
homotopy derivations on sh Leibniz algebras and 2-derivations on Leibniz 2-algebras. The category
of 2-term sh Leibniz algebras with homotopy derivations is equivalent to the category of Leibniz
2-algebras with 2-derivations.
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1. Introduction
Leibniz algebras (also called Loday algebras) are noncommutative analog of Lie algebras. They
were introduced by Jean-Louis Loday [19]. In the same paper, he introduces a homology theory for
Leibniz algebras, a noncommutative generalization of the Lie algebra homology. In [23] Loday and
Pirashvili introduced a cohomology theory for Leibniz algebras with coefficients in a representation.
This cohomology is also a noncommutative analog of the Chevalley-Eilenberg cohomology for Lie
algebras. The classical deformation theory of Gerstenhaber [15] has been extended to Leibniz alge-
bras in [6]. The notion of sh Leibniz algebras (strongly homotopy Leibniz algebras) are introduced
in [1]. Strongly homotopy Leibniz algebras are related to categorification of Leibniz algebras [25].
See [4,9,20] for some interesting results about Leibniz algebras.
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Algebraic structures are useful via their derivations. Derivations are also useful in constructing
homotopy Lie algebras [27], deformation formulas [11] and differential Galois theory [24]. They also
play an essential role in control theory and gauge theories in quantum field theory [2,3]. In [14,22]
the authors study algebras with derivations from operadic point of view. Recently, Lie algebras with
derivations (called LieDer pairs) are studied from cohomological point of view [26] and extensions,
deformations of LieDer pairs are considered. The results of [26] has been extended to associative
algebras with derivations (called AssDer pairs) in [13].
In this paper, we consider Leibniz algebras with derivations. More precisely, we consider a pair
(g, φg) where g is a Leibniz algebra and φg : g → g is a derivation for the Leibniz algebra bracket
on g. We call such a pair (g, φg) a LeibDer pair. We define representations and cohomology for a
LeibDer pair. This cohomology is a variant of the Leibniz algebra cohomology. When considering
the cohomology of a LeibDer pair (g, φg) with coefficients in itself, we show that the cohomology
inherits a degree −1 graded Lie bracket.
Central extensions and abelian extensions of Leibniz algebras was defined in [23]. They are related
to the second cohomology group of Leibniz algebras with suitable coefficients. In Section 4, we extend
results of [23] in the context of LeibDer pairs. We prove that isomorphism classes of central extensions
of a LeibDer pair by a trivial LeibDer pair are classified by the second cohomology group of the
LeibDer pair with coefficients in the trivial representation (cf. Theorem 4.4). Next we discuss the
extension of a pair of derivations in a central extension of Leibniz algebras. Given a central extension
0 → a
i
−→ h
p
−→ g → 0 of Leibniz algebras and a pair of derivations (φg, φa) ∈ Der(g) × Der(a), we
associate a second cohomology class in the cohomology of the Leibniz algebra g with coefficients in
the trivial representation a. When this cohomology class is null, the pair (φg, φa) ∈ Der(g)×Der(a)
of derivations extends to a derivation φh ∈ Der(h) which makes the above sequence into an exact
sequence of LeibDer pairs (cf. Theorem 4.6). In subsection 4.3, we consider abelian extensions of a
LeibDer pair by any arbitrary representation. In Theorem 4.9 we prove that isomorphism classes of
abelian extensions are classified by the second cohomology group of the LeibDer pair.
The classical deformation theory of Gerstenhaber [15] has been extended to Leibniz algebras
in [6]. In Section 5, we generalize this deformation theory to LeibDer pairs. Our results in this
section are analogous to the standard ones. The vanishing of the second cohomology implies that
the LeibDer pair is rigid, i.e, any deformation is equivalent to the undeformed one (cf. Theorem
5.7). Given a finite order deformation, we associate a third cohomology class in the cohomology of
the LeibDer pair, called the obstruction class (cf. Proposition 5.10). When this class is null, the
given deformation extends to a deformation of next order (cf. Theorem 5.11).
The notion of sh Leibniz algebras was introduced in [1]. In [25] the authors consider 2-term
sh Leibniz algebras and relate them with categorified Leibniz algebras. In Section 6, we introduce
homotopy derivations on 2-term sh Leibniz algebras. Homotopy derivations on skeletal sh Leibniz
algebras are characterized by third cocycles of LeibDer pairs (cf. Proposition 6.5). We introduce
crossed modules of LeibDer pairs and prove that strict homotopy derivations on strict sh Leibniz
algebras are characterized by crossed modules of LeibDer pairs (cf Theorem 6.7).
The notion of Lie 2-algebras or categorified Lie algebras was first introduced by Baez and Crans [5].
They showed that the category of 2-term L∞-algebras is equivalent to the category of Lie 2-algebras.
This result has been extended to various other algebraic structures including associative algebras,
Leibniz algebras [13,25]. In Section 7, we introduce LeibDer 2-pairs. They are categorification of
LeibDer pairs. Finally, we prove that the category of LeibDer 2-pairs and the category of 2-term sh
Leibniz algebras with homotopy derivations are equivalent (cf. Theorem 7.5).
Throughout the paper, all vector spaces and linear maps are over a field K of characteristic zero
unless otherwise stated.
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2. Leibniz algebras and their cohomology
In this section, we recall Leibniz algebras and their cohomology. Our main references are [23],[6].
2.1. Definition. A Leibniz algebra (g, [ , ]) consists of a vector space g and a bilinear map [ , ] :
g× g→ g satisfying the following identity (Leibniz identity)
[[x, y], z] = [[x, z], y] + [x, [y, z]], for all x, y, z ∈ g. (1)
Such Leibniz algebras are called right Leibniz algebras as the identity (1) is equivalent to the fact
that the maps [ , z] : g → g by fixing right coordinate are derivations for the bracket on g. Thus,
one may also define left Leibniz algebras. In this paper, by a Leibniz algebra, we shall always mean
a right Leibniz algebra. However, all the results of the present paper can be easily generalize to left
Leibniz algebras by suitable modifications.
2.2. Definition. Let (g, [ , ]) be a Leibniz algebra. A representation of it consists of a vector space
M together with maps (called left and right actions)
[ , ] : g×M →M [ , ] :M × g→M
satisfying the following set of identities
(MLL) [[m,x], y] = [[m, y], x] + [m, [x, y]],
(LML) [[x,m], y] = [[x, y],m] + [x, [m, y]],
(LLM) [[x, y],m] = [[x,m], y] + [x, [y,m]],
for any x, y ∈ g and m ∈M .
Note that g is a representation of itself with left and right actions are given by the bracket on g.
Let (g, [ , ]) be a Leibniz algebra and M be a representation of it. Define the n-th cochain group
Cn(g,M) := Hom(g⊗n,M), for n ≥ 0
and a map δL : C
n(g,M)→ Cn+1(g,M) by
(δLf)(x1, . . . , xn+1) = [x1, f(x2, . . . , xn+1)] +
n+1∑
i=2
(−1)i[f(x1, . . . , xˆi, . . . , xn+1), xi]
+
∑
i<j
(−1)j+1f(x1, . . . , xi−1, [xi, xj ], xi+1, . . . , xˆj , . . . , xn+1),
for x1, . . . , xn+1 ∈ g. Then one has (δL)
2 = 0. Therefore, (C∗(g,M), δL) is a cochain complex. The
cohomology of the Leibniz algebra g with coefficients in M is denoted by
Hn(g,M) :=
ker{δL : C
n(g,M)→ Cn+1(g,M)}
Im{δL : Cn−1(g,M)→ Cn(g,M)}
.
When we consider the cohomology of a Leibniz algebra g with coefficients in itself, the graded
space C∗(g, g) = ⊕nC
n(g, g) of cochain groups carries a degree −1 graded Lie bracket given by
Jf, gK = f • g − (−1)(m−1)(n−1)g • f, for f ∈ Cm(g, g), g ∈ Cn(g, g), where
(f • g)(x1, . . . , xm+n−1) =
m∑
i=1
(−1)(i−1)(n−1)
∑
Sh(n−1,m−i)
sgn(σ)f(x1, . . . , xi−1, g(xi, xσ(i+1), . . . , xσ(i+n−1), xσ(i+n), . . . , xσ(m+n−1),
for x1, . . . , xm+n−1 ∈ g. If we denote the Leibniz bracket on g by the bilinear map µ : g
⊗2 → g (i.e,
µ(x, y) = [x, y], for x, y ∈ g) then the Leibniz identity for the bracket is equivalent to Jµ, µK = 0,
where µ is considered as an element in C2(g, g).With this notation, the differential (with coefficients
in g) is given by
δLf = (−1)
n−1Jµ, fK, for f ∈ Cn(g, g).
This implies that the graded space of cohomology H∗(g, g) carries a degree −1 graded Lie bracket.
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3. LeibDer pairs
In this section, we consider LeibDer pairs. We define representations and cohomology of a LeibDer
pair. Finally the cohomology of a LeibDer pair with coefficients in itself carries a degree −1 graded
Lie bracket.
Let g be a Leibniz algebra. A linear map φg : g→ g is a derivation on g if it satisfies
φg[x, y] = [φg(x), y] + [x, φg(y)], for x, y ∈ g.
Note that derivations are 1-cocycles in the cohomology complex of g with coefficients in g. We
call a pair (g, φg) of a Leibniz algebra g and a derivation φg, a LeibDer pair. When the Leibniz
algebra bracket is skew-symmetric, one gets the notion of LieDer pair [26]. Thus, LeibDer pairs are
non-skewsymmetric analog of LieDer pairs.
3.1. Example.
• Let (g, [ , ]) is a Leibniz algebra. Then for any x ∈ g, the linear map φx := [ , x] : g → g is a
derivation on g. Hence, (g, φx) is a LeibDer pair.
• Any associative dialgebra gives rise to a Leibniz algebra in the same way an associative algebra
gives a Lie algebra. An associative dialgebra is a vector space D together with two bilinear maps
⊣,⊢: D × D → D satisfying five associative style identities [21]. A linear map d : D → D is a
derivation for the associative dialgebra if d is a derivation for both the products ⊣ and ⊢.
If (D,⊣,⊢) is an associative dialgebra, then D equipped with the bracket
[x, y] := x ⊣ y − y ⊢ x
is a Leibniz algebra. Further, if d is a derivation for the associative dialgebra, then d is also a
derivation for the induced Leibniz algebra structure on D.
• Let (L, [ , . . . , ]) be a n-Leibniz algebra, i.e, [ , . . . , ] : L×n → L is a multilinear map satisfying
[[x1, . . . , xn], y1, . . . , yn−1] =
n∑
i=1
[x1, . . . , xi−1, [xi, y1, . . . , yn−1], xi+1, . . . , xn],
for x1, . . . , xn, y1, . . . , yn−1 ∈ L [10]. A derivation on the n-Leibniz algebra L is given by a linear
map d : L→ L that satisfies d[x1, . . . , xn] =
∑n
i=1[x1, . . . , dxi, . . . , xn]. Note that a n-Leibniz algebra
(L, [ , . . . , ]) induces a Leibniz algebra structure on L⊗n−1 with bracket
[x1 ⊗ · · · ⊗ xn−1, y1 ⊗ · · · ⊗ yn−1] =
n−1∑
i=1
x1 ⊗ · · · ⊗ [xi, y1, . . . , yn−1]⊗ · · · ⊗ xn−1.
If d : L → L is a derivation for the n-Leibniz algebra L, then d induces a map d : L⊗n−1 → L⊗n−1
by
d(x1 ⊗ · · · ⊗ xn−1) =
n−1∑
i=1
x1 ⊗ · · · ⊗ dxi ⊗ · · · ⊗ xn−1.
It can be checked that d is a derivation for the Leibniz bracket on L⊗n−1. In other words, (L⊗n−1, d)
is a LeibDer pair.
3.2. Remark. Any Leibniz algebra associates a Lie algebra via skew-symmetrization. Let (g, [ , ])
be a Leibniz algebra. Then the associated Lie algebra gLie is the quotient of g by the subspace S
generated by elements of the form [x, x], for x ∈ g. The Lie bracket on gLie is the one induced from
the Leibniz bracket on g. If (g, φg) is a LeibDer pair, then we have
φg[x, x] = [φg(x), x] + [x, φg(x)]
= [x+ φg(x), x + φg(x)] − [x, x]− [φg(x), φg(x)] ∈ S.
Therefore, φg induces a map φg : gLie → gLie. Since φg is a derivation for the Leibniz bracket, φg is
a Lie algebra derivation. In other words, (gLie, φg) is a LieDer pair.
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3.3. Definition. Let (g, φg) and (h, φh) be two LeibDer pairs. A LeibDer pair morphism between
them is a Leibniz algebra morphism f : g → h satisfying φh ◦ f = f ◦ φg. It is called LeibDer pair
isomorphism if f is an isomorphism.
LeibDer pairs and morphisms between them forms a category, denoted by LeibDer.
Let V be a vector space. Consider the tensor module T (V ) = V ⊕ V ⊗2 ⊕ V ⊗3 ⊕ · · · with the
bracket inductively defined by
[x, v] = x⊗ v,
[x, y ⊗ v] = [x, y]⊗ v − [x⊗ v, y], for x, y ∈ T (V ), v ∈ V.
Then T (V ) with the above bracket is a free Leibniz algebra over V [23]. Any linear map d : V → V
induces a linear map d : T (V )→ T (V ) by
d(v1 ⊗ · · · ⊗ vn) =
n∑
i=1
v1 ⊗ · · · ⊗ dvi ⊗ · · · ⊗ vn. (2)
Then d is a derivation for the Leibniz bracket on T (V ). To check that, we first observe that
d[v1 ⊗ · · · ⊗ vn, v] = d(v1 ⊗ · · · ⊗ vn ⊗ v)
=
n∑
i=1
v1 ⊗ · · · ⊗ dvi ⊗ · · · ⊗ vn ⊗ v + v1 ⊗ · · · ⊗ vn ⊗ dv
= [d(v1 ⊗ · · · ⊗ vn), v] + [v1 ⊗ · · · ⊗ vn, d(v)].
Next suppose that d[x, v1 ⊗ · · · ⊗ vk] = [d(x), v1 ⊗ · · · ⊗ vk] + [x, d(v1 ⊗ · · · ⊗ vk)], for x ∈ T (V ),
v1, . . . , vk ∈ V and k ≥ 1. Then we have
d[x, v1 ⊗ · · · ⊗ vk+1]
= d([x, v1 ⊗ · · · ⊗ vk]⊗ vk+1 − [x⊗ vk+1, v1 ⊗ · · · ⊗ vk])
= d[x, v1 ⊗ · · · ⊗ vk]⊗ vk+1 + [x, v1 ⊗ · · · ⊗ vk]⊗ dvk+1 − [d(x⊗ vk+1), v1 ⊗ · · · ⊗ vk]
− [x⊗ vk+1, d(v1 ⊗ · · · ⊗ vk)]
= [d(x), v1 ⊗ · · · ⊗ vk]⊗ vk+1 + [x, d(v1 ⊗ · · · ⊗ vk)]⊗ vk+1 + [x, v1 ⊗ · · · ⊗ vk]⊗ dvk+1
− [d(x) ⊗ vk+1, v1 ⊗ · · · ⊗ vk]− [x⊗ dvk+1, v1 ⊗ · · · ⊗ vk]− [x⊗ vk+1, d(v1 ⊗ · · · ⊗ vk)]
= [d(x), v1 ⊗ · · · ⊗ vk+1] + [x, d(v1 ⊗ · · · ⊗ vk)⊗ vk+1] + [x, (v1 ⊗ · · · ⊗ vk)⊗ dvk+1]
= [d(x), v1 ⊗ · · · ⊗ vk+1] + [x, d(v1 ⊗ · · · ⊗ vk+1)].
Hence (T (V ), d) is a LeibDer pair. In the next, we show that this LeibDer pair is free in the following
sense.
Let (V, d) be a pair of vector space V and a linear map d : V → V . The free LeibDer pair
over (V, d) is a LeibDer pair (L(V ), φL(V )) equipped with a linear map i : V → L(V ) satisfying
φL(V ) ◦ i = i ◦ d and the following universal condition holds: for any LeibDer pair (g, φg) and a
linear map f : V → g satisfying φg ◦ f = f ◦ d, there exists an unique LeibDer pair morphism
f˜ : (L(V ), φL(V ))→ (g, φg) such that f˜ ◦ i = f .
3.4. Proposition. The LeibDer pair (T (V ), d) is free over (V, d).
3.5. Definition. Let (g, φg) be a LeibDer pair. A representation of it is given by a pair (M,φM ) in
which M is a representation of g (see Definition 2.2) and φM :M →M is a linear map satisfying
φM [x,m] = [φg(x),m] + [x, φM (m)], (3)
φM [m,x] = [φM (m), x] + [m,φg(x)]. (4)
It is known that a representation of a Leibniz algebra gives rise to a semi-direct product [23]. We
extend this in the context of LeibDer pairs.
6 APURBA DAS
3.6. Proposition. Let (g, φg) be a LeibDer pair and (M,φM ) be a representation of it. Then
(g ⊕ M,φg ⊕ φM ) is a LeibDer pair where the Leibniz algebra bracket on g ⊕ M is given by the
semi-direct product
[(x,m), (y, n)] = ([x, y], [x, n] + [m, y]).
Proof. We only need to show that φg ⊕ φM : g⊕M → g⊕M is a derivation for the Leibniz algebra
g⊕M . We have
(φg ⊕ φM )[(x,m), (y, n)] = (φg[x, y], φM [x, n] + φM [m, y])
= ([φg(x), y], [φg(x), n] + [φM (m), y]) + ([x, φg(y)], [x, φM (n)] + [m,φg(x)])
= [(φg ⊕ φM )(x,m), (y, n)] + [(x,m), (φg ⊕ φM )(y, n)].
Hence the proof. 
3.1. Universal enveloping AssDer pair. In [23] the authors construct the universal enveloping
algebra UL(g) of a Leibniz algebra g. When the Leibniz algebra g is equipped with a derivation, it
induces a derivation on UL(g). We first recall the construction of UL(g).
Let gl and gr be two copies of the Leibniz algebra g. For any x ∈ g, we denote the corresponding
element in gl and gr by lx and rx, respectively. Then the universal enveloping algebra UL(g) is the
quotient of the tensor algebra T (gl⊕ gr) by the two sided ideal I generated by elements of the form
rx ⊗ ry − ry ⊗ rx − r[x,y], lx ⊗ ry − ry ⊗ lx − l[x,y] and (ry + ly)⊗ lx, for x, y ∈ g.
Let (g, φg) be a LeibDer pair. Then φg induces a linear map (denoted by the same notation)
φg : g
l⊕ gr → gl⊕ gr by φg(lx, ry) = (lφg(x), rφg(y)). This linear map on g
l⊕ gr induces a derivation
g on the tensor algebra T (gl ⊕ gr). See Equation (2). Then φg(I) ⊂ I as
φg(rx ⊗ ry − ry ⊗ rx − r[x,y])
= rφg(x) ⊗ ry + rx ⊗ rφg(y) − rφg(y) ⊗ rx − ry ⊗ rφg(x) − rφg[x,y]
= rφg(x) ⊗ ry − ry ⊗ rφg(x) − r[φg(x),y] + rx ⊗ rφg(y) − rφg(y) ⊗ rx − r[x,φg(y)] ∈ I,
φg(lx ⊗ ry − ry ⊗ lx − l[x,y])
= lφg(x) ⊗ ry − ry ⊗ lφg(x) − l[φg(x),y] + lx ⊗ rφg(y) − rφg(y) ⊗ lx − l[x,φg(y)] ∈ I
and
φg((ry + ly)⊗ lx) = (rφg(y) + lφg(y))⊗ lx + (ry + ly)⊗ lφg(x) ∈ I.
Hence φg induces a derivation on the universal enveloping associative algebra UL(g) = T (g
l⊕gr)/I.
In other words, (UL(g), φg) is an AssDer pair.
In [23] the authors showed that representations of a Leibniz algebra g is equivalent to right
modules over UL(g). More precisely, let M be a representation of a Leibniz algebra g. Then the
right action of UL(g) on M is given by
m · lx = [x,m] and m · rx = [m,x].
We extend this situation endowed with derivations. We first recall the following definition from [13].
Let (A, φA) be an AssDer pair. A right module over it consists of a pair (M,φM ) in which M is
a right A-module and φM :M →M is a linear map satisfying
φM (m · a) = φM (m) · a+m · φA(a), for a ∈ A,m ∈M.
3.7. Proposition. The category of representations of a LeibDer pair (g, φg) is equivalent to the
category of right modules over the AssDer pair (UL(g), φg).
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Proof. Let (M,φM ) be a representation of the LeibDer pair (g, φg). Then M is already a right
UL(g)-module. Moreover, the condition (3) is equivalent to φM (m · lx) = φM (m) · lx +m · φg(lx).
Similarly, the condition (4) is equivalent to φM (m·rx) = φM (m)·rx+m·φg(rx). Hence the proof. 
3.2. Cohomology. Here we define cohomology of a LeibDer pair with coefficients in a representa-
tion. Let (g, φg) be a LeibDer pair and (M,φM ) be a representation of it. We define the cochain
groups by C0LeibDer(g,M) := 0, C
1
LeibDer(g,M) := Hom(g,M) and
CnLeibDer(g,M) := Hom(g
⊗n,M)×Hom(g⊗n−1,M), for n ≥ 2.
Before we define the coboundary operator, we define a new map δ : Hom(g⊗n,M)→ Hom(g⊗n,M)
by
δf =
n∑
i=1
f ◦ (id⊗ · · · ⊗ φg ⊗ · · · ⊗ id)− φM ◦ f.
Then we have the following.
3.8. Lemma. The map δ commute with δL, i.e, δL ◦ δ = δ ◦ δL.
Finally, we define the coboundary operator ∂ : CnLeibDer(g,M)→ C
n+1
LeibDer(g,M) as

∂f = (δLf,−δf), for f ∈ C
1
LeibDer(g,M),
∂(fn, fn) = (δLfn, δLfn + (−1)
nδfn), for (fn, fn) ∈ C
n
LeibDer(g,M).
3.9. Proposition. The map ∂ satisfies ∂2 = 0.
Proof. For f ∈ C1LeibDer(g,M), we have
∂2f = ∂(δLf,−δf) = (δ
2
Lf, −δLδf + δδLf) = 0.
Similarly, for (fn, fn) ∈ C
n
LeibDer(g,M), we have
∂2(fn, fn) = ∂(δLfn, δLfn + (−1)
nδfn)
= (δ2Lfn, δ
2
Lfn + (−1)
nδLδfn + (−1)
n+1δδLfn) = 0.
Hence the proof. 
Thus, it follows from the above proposition that (C∗LeibDer(g,M), ∂) is a cochain complex. The
corresponding cohomology groups are denoted by HnLeibDer(g,M), n ≥ 0.
In the next, we show that the cohomology of a LeibDer pair (g, φg) with coefficients in itself
carries a degree −1 graded Lie bracket.
3.10. Proposition. The bracket J , K∼ : CmLeibDer(g, g)× C
n
LeibDer(g, g)→ C
m+n−1
LeibDer (g, g) given by
J(f, f), (g, g)K∼ := (Jf, gK, (−1)m+1Jf, gK + Jf, gK)
defines a degree −1 graded Lie bracket on the graded space C∗LeibDer(g, g).
The proof of this result follows as J , K is a degree −1 graded Lie bracket on C∗(g, g). See [13] for
similar result for AssDer pairs. With this new bracket on C∗LeibDer(g, g), we have J(µ, φg), (µ, φg)K
∼ =
0, where (µ, φg) ∈ Hom(g
⊗2, g)×Hom(g, g) considered as an element in C2LeibDer(g, g). Thus (µ, φg) ∈
C2LeibDer(g, g) is a Maurer-Cartan element in the graded Lie algebra (C
∗+1
LeibDer(g, g), J , K
∼). Moreover,
the differential ∂ is induced by the Maurer-Cartan element as
∂(f, f) = (−1)n−1J(µ, φg), (f, f)K
∼, for (f, f) ∈ CnLeibDer(g, g).
This in particular implies that the graded space of cohomology H∗+1LeibDer(g, g) carries a graded Lie
algebra structure.
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4. Extensions of LeibDer pairs
4.1. Central extensions. Central extensions of Leibniz algebras was defined in [23]. In this sub-
section, we extend this to LeibDer pairs. We show that isomorphism classes of central extensions
are classified by the second cohomology group of LeibDer pair with coefficients in the trivial repre-
sentation.
Let (g, φg) be a LeibDer pair and (a, φa) be an abelian LeibDer pair, i.e, the Leibniz bracket of a
is trivial.
4.1. Definition. A central extension of (g, φg) by the abelian LeibDer pair (a, φa) is an exact
sequence of LeibDer pairs
0 // (a, φa)
i
// (h, φh)
p
// (g, φg) // 0 (5)
such that [i(a), h] = 0 = [h, i(a)], for all a ∈ a and h ∈ h.
One may identify a with the corresponding subalgebra of h (via the map i). With this identifica-
tion, we have φa = φh|a.
4.2. Definition. Two central extensions (h, φh) and (h
′, φh′) are said to be isomorphic if there exists
a LeibDer pair isomorphism η : (h, φh)→ (h
′, φh′) making the following diagram commutative
0 // (a, φa)
i
// (h, φh)
η

p
// (g, φg) // 0
0 // (a, φa)
i′
// (h′, φh′ )
p′
// (g, φg) // 0
Let (5) be a central extension of LeibDer pair. A section of the map p is given by a linear map
s : g→ h satisfying p ◦ s = idg. Section of p always exists.
Let s : g→ h be any section of p. Define two linear maps ψ : g⊗ g→ a and χ : g→ a by
ψ(x, y) := [s(x), s(y)] − s[x, y] and χ(x) := φh(s(x)) − s(φg(x)), for x, y ∈ g.
Note that the vector space h is isomorphic to the direct sum g⊕ a via the section s. Therefore,
one may transfer the structures of h to that of g ⊕ a. More precisely, the induced bracket and the
linear map on g⊕ a are given by
[(x, a), (y, b)]ψ = ([x, y], ψ(x, y)) and φχ(x, a) = (φg(x), φa(a) + χ(x)).
With these notations, we have the following.
4.3. Proposition. The vector space g⊕ a with the above bracket is a Leibniz algebra if and only if ψ
is a 2-cocycle in the Leibniz algebra cohomology of g with coefficients in the trivial representation a.
Moreover, φχ is a derivation for the above Leibniz algebra if and only if χ satisfies δL(χ) + δψ = 0.
Proof. The bracket [ , ]ψ is a Leibniz bracket if it satisfies
[[(x, a), (y, b)]ψ , (z, c)]ψ = [[(x, a), (z, c)]ψ , (y, b)]ψ + [(x, a), [(y, b), (z, c)]ψ ]ψ.
This is equivalent to
ψ([x, y], z) = ψ([x, z], y) + ψ(x, [y, z])
which is same as δL(ψ) = 0, where δL is the Leibniz algebra coboundary operator of g with coefficients
in the trivial representation a.
The map φχ is a derivation for the bracket [ , ]ψ if
φχ[(x, a), (y, b)]ψ = [φχ(x, a), (y, b)]ψ + [(x, a), φχ(y, b)]ψ.
This condition is equivalent to
φa(ψ(x, y)) + χ([x, y]) = ψ(φg(x), y) + ψ(x, φg(y)),
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or, equivalently,
(
δL(χ) + δψ
)
(x, y) = 0. Hence the proof. 
It follows from the above proposition that the vector space g ⊕ a with the above bracket and
linear map forms a LeibDer pair if and only if (ψ, χ) is a 2-cocycle of the LeibDer pair (g, φg) with
coefficients in the trivial representation (a, φa).
The cohomology class of the 2-cocycle (ψ, χ) does not depend on the choice of sections of p. Let
s1 and s2 be two sections of p. Consider the map u : g→ a by u(x) := s1(x)− s2(x). Then we have
ψ1(x, y) = [s1(x), s1(y)]− s1[x, y]
= [s2(x) + u(x), s2(y) + u(y)]− s2[x, y]− u[x, y]
= ψ2(x, y)− u[x, y] (as u(x), u(y) ∈ a)
and
χ1(x) = φh(s1(x)) − s1(φg(x)) = φh(s2(x) + u(x))− s2(φg(x)) + u(φg(x))
= φh(s2(x))− s2(φg(x)) + φa(u(x))− u(φg(x))
= χ2(x) + φa(u(x))− u(φg(x)).
This shows that (ψ1, χ1) − (ψ2, χ2) = ∂u. Therefore, the cohomology classes associated to the
sections s1 and s2 are same.
4.4. Theorem. Let (g, φg) be a LeibDer pair and (a, φa) be an abelian LeibDer pair. Then the
isomorphism classes of central extensions of (g, φg) by (a, φa) are classified by the second cohomology
group H2LeibDer(g, a).
Proof. Let (h, φh) and (h
′, φh′) be two isomorphic central extensions. Suppose the isomorphism is
given by a map η : (h, φh)→ (h
′, φh′). For any section s of the map p, we have
p′ ◦ (η ◦ s) = (p′ ◦ η) ◦ s = p ◦ s = idg.
This shows that s′ := η ◦ s is a section of the map p′. Since η is a morphism of LeibDer pairs, we
have η|a = ida. Hence, we get
ψ′(x, y) = [s′(x), s′(y)]− s′[x, y] = η([s(x), s(y)] − [x, y]) = ψ(x, y),
χ′(x) = φh′(s
′(x)) − s′(φg(x)) = η(φh(s(x)) − s(φg(x))) = χ(x).
Therefore, isomorphic central extensions produce same 2-cocycle, hence, corresponds to the same
element in H2LeibDer(g, a).
To prove the converse part, consider two cohomologous 2-cocycles (ψ, χ) and (ψ′, χ′). That is,
there exists a linear map v : g → a such that (ψ, χ) − (ψ′, χ′) = ∂v. Consider the corresponding
LeibDer pairs (g⊕ a, [ , ]ψ, φχ) and (g⊕ a, [ , ]ψ′ , φχ′ ) given in Proposition 4.3. These two LeibDer
pairs are isomorphic via the map η : g⊕ a→ g⊕ a given by η(x, a) = (x, a+ v(x)). The map η is in
fact an isomorphism of central extensions. Hence the proof. 
4.2. Extensions of a pair of derivations. Let
0 // a
i
// h
p
// g // 0 (6)
be a fixed central extensions of Leibniz algebras. Given a pair of derivations (φg, φa) ∈ Der(g) ×
Der(a), here we study extensions of them to a derivation φh ∈ Der(h) which makes
0 // (a, φa)
i
// (h, φh)
p
// (g, φg) // 0 (7)
into an exact sequence of LeibDer pairs. In other words, (h, φh) is a central extension of the LeibDer
pair (g, φg) by (a, φa). In such a case, the pair (φg, φa) ∈ Der(g)×Der(a) is said to be extensible.
Let s : g→ h be a section of (6). We define a map ψ : g⊗ g→ a by
ψ(x, y) := [s(x), s(y)] − s[x, y].
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Given a pair of derivations (φg, φa) ∈ Der(g) × Der(a), we define another map Ob
h
(φg,φa)
: g⊗2 → a
by
Obh(φg,φa)(x, y) := φa(ψ(x, y))− ψ(φg(x), y) − ψ(x, φg(y)).
4.5. Proposition. The map Obh(φg,φa) : g
⊗2 → a is a 2-cycle in the cohomology of the Leibniz algebra
g with coefficients in the trivial representation a. Moreover, the cohomology class [Obh(φg,φa)] ∈
H2(g, a) does not depend on the choice of sections.
Proof. First observe that ψ is a 2-cocycle in the cohomology of the Leibniz algebra g with coefficients
in the trivial representation a. Thus, we have
(δLOb
h
(φg,φa)
)(x, y, z)
= −Obh(φg,φa)([x, y], z) + Ob
h
(φg,φa)
([x, z], y) + Obh(φg,φa)(x, [y, z])
= −
✭
✭
✭
✭
✭
✭✭
φa(ψ([x, y], z)) + ψ(φg[x, y], z) + ψ([x, y], φg(z)) +
✭
✭
✭
✭
✭
✭✭
φa(ψ([x, z], y))− ψ(φg[x, z], y)
− ψ([x, z], φg(y)) +
✭
✭
✭
✭
✭
✭✭
φa(ψ(x, [y, z]))− ψ(φg(x), [y, z])− ψ(x, φg[y, z])
= ψ([φg(x), y], z) + ψ([x, φg(y)], z) + ψ([x, y], φg(z))− ψ([φg(x), z], y)− ψ([x, φg(z)], y)
− ψ([x, y], φg(z))− ψ(φg(x), [y, z])− ψ(x, [φg(y), z])− ψ(x, [y, φg(z)])
= 0.
Therefore, Obh(φg,φa) is a 2-cocycle. To prove the second part, let s1 and s2 be two sections of (6).
Consider the map u : g→ a given by u(x) := s1(x)− s2(x). Then
ψ1(x, y) = ψ2(x, y)− u[x, y].
If 1Obh(φg,φa) and
2Obh(φg,φa) denote the two cocycles corresponding to the sections s1 and s2, then
1Obh(φg,φa)(x, y)
= φa(ψ1(x, y)) − ψ1(φg(x), y)− ψ1(x, φg(y))
= φa(ψ2(x, y)) − φa(u[x, y])− ψ2(φg(x), y) + u([φg(x), y])− ψ2(x, φg(y)) + u([x, φg(y)])
= 2Obh(φg,φa)(x, y) + δL(φa ◦ u− u ◦ φg)(x, y).
This shows that the 2-cocycles 1Obh(φg,φa) and
2Obh(φg,φa) are cohomologous. Hence they correspond
to the same cohomology class in H2(g, a). 
The cohomology class [Obh(φg,φa)] ∈ H
2(g, a) is called the obstruction class to extend the pair of
derivations (φg, φa).
4.6. Theorem. Let (6) be a central extension of Leibniz algebras. A pair of derivations (φg, φa) ∈
Der(g)×Der(a) is extensible if and only if the obstruction class [Obh(φg,φa)] ∈ H
2(g, a) is trivial.
Proof. Suppose there exists a derivations φh ∈ Der(h) such that (7) is an exact sequence of LeibDer
pairs. For any x ∈ g, we observe that p(φh(s(x)) − s(φg(x))) = 0. Hence φh(s(x)) − s(φg(x)) ∈
ker(p) = im(i). We define λ : g→ a by
λ(x) = φh(s(x)) − s(φg(x)).
For any s(x) + a ∈ h, we have
φh(s(x) + a) = φh(s(x)) − s(φg(x)) + s(φg(x)) + φa(a) = s(φg(x)) + λ(x) + φa(a). (8)
Since φh is a derivation, for any s(x) + a, s(y) + b ∈ h, we have
φh[s(x) + a, s(y) + b] = [φh(s(x) + a), s(y) + b] + [s(x) + a, φh(s(y) + b)].
By using the expression (8) of φh, we get from the above equality that
s(φg[x, y]) + λ([x, y]) + φa(ψ(x, y)) = s([φg(x), y]) + ψ(φg(x), y) + s([x, φg(y)]) + ψ(x, φg(y)).
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This implies that
φa(ψ(x, y)) − ψ(φg(x), y)− ψ(x, φg(y)) = −λ([x, y]),
or, equivalently, Obh(φg,φa) = ∂λ is a coboundary. Hence the obstruction class [Ob
h
(φg,φa)
] ∈ H2(g, a)
is trivial.
To prove the converse part, suppose Obh(φg,φa) is given by a coboundary, say Ob
h
(φg,φa)
= ∂λ. We
define a map φh : h→ h by
φh(s(x) + a) = s(φg(x)) + λ(x) + φa(a).
Then φh is a derivation on h and (7) is an exact sequence of LeibDer pairs. Hence the pair (φg, φa)
is extensible. 
Thus, we obtain the following.
4.7. Theorem. If H2(g, a) = 0 then any pair of derivations (φg, φa) ∈ Der(g)×Der(a) is extensible.
4.3. Abelian extensions. Abelian extensions of Leibniz algebras by their representations are stud-
ied in [23]. They are classified (up to equivalence) by the second cohomology group of Leibniz
algebras. In this section, we extend this to LeibDer pairs.
Let (g, φg) be a LeibDer pair and (M,φM ) be a representation of it. Note that (M,φM ) can be
considered as a LeibDer pair with the trivial Leibniz bracket on M .
4.8. Definition. An abelian extension of (g, φg) by (M,φM ) is a short exact sequence of LeibDer
pairs
0 // (M,φM )
i
// (h, φh)
p
// (g, φg) // 0 (9)
such that the sequence is split over K (suppose the splitting is given by a section s : g→ h satisfying
p ◦ s = idg) and the given representation of (g, φg) on (M,φM ) is induced from the above extension
by [x,m] = [s(x), i(m)] and [m,x] = [i(m), s(x)], for x ∈ g,m ∈M .
Note that the above induced representation of (g, φg) on (M,φM ) does not depend on the choice
of the section s.
Two abelian extensions (h, φh) and (h
′, φh′) are said to be equivalent if there is a LeibDer morphism
Ψ : (h, φh)→ (h
′, φh′) making the following diagram commutative
0 // (M,φM )
i
// (h, φh)
Ψ

p
// (g, φg) // 0
0 // (M,φM )
i′
// (h′, φh′)
p′
// (g, φg) // 0.
We denote byExt(g,M) the set of isomorphism classes of abelian extensions of (g, φg) by (M,φM ).
Then we have the following.
4.9. Theorem. There is a bijection Ext(g,M) ∼= H2LeibDer(g,M).
Proof. Let (f, f) ∈ C2LeibDer(g,M) be a 2-cocycle. That is, we have δLf = 0 and δL(f) + δf = 0.
Consider the direct sum h = g⊕M with the bracket
[(x,m), (y, n)]h = ([x, y], [x, n] + [m, y] + f(x, y))
and a linear map φh(x,m) = (φg(x), φM (m) + f(x)). Then h with the above bracket is a Leibniz
algebra and φh is a derivation for it. More generally, 0 → (M,φM )
i
−→ (h, φh)
p
−→ (g, φg) → 0 is an
abelian extension, where i(m) = (0,m) and p(x,m) = x.
Let (f, f) − ∂h = (f − δLh, f + δh) be any 2-cocycle cohomologous to (f, f). Consider the
corresponding abelian extension (h′ = g ⊕M, [ , ]′, φh′). They are equivalent via the LeibDer pair
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morphism Ψ : h→ h′ given by Ψ(x,m) = (x,m+h(x)). Hence the map H2LeibDer(g,M)→ Ext(g,M)
is well-defined.
Conversely, given any abelian extension (9) with splitting s, the vector space h is isomorphic to
g ⊕ M and s(x) = (x, 0). The maps i and p are the obvious ones. Since p is an algebra map,
we have p[(x, 0), (y, 0)] = [x, y]. Hence [(x, 0), (y, 0)] = ([x, y], f(x, y)), for some f ∈ Hom(g⊗2,M).
The Leibniz identity for the bracket on h is equivalent to δL(f) = 0. Moreover, p commute with
derivations, i.e, p ◦ φh = φg ◦ p. Hence, we have φh(x, 0) = (φg(x), f (x)), for some f ∈ Hom(g,M).
The map φh is a derivation implies that δL(f)+δf = 0. Hence (f, f) ∈ C
2
LeibDer(g,M) is a 2-cocycle.
If (h, φh) and (h
′, φh′) are two equivalent extensions, then one can show that they are equivalent
by a map h = g ⊕M
Ψ
−→ g ⊕M = h′ given by (x,m) 7→ (x,m + h(x)), for some h ∈ Hom(g,M).
Let (f ′, f ′) ∈ C2LeibDer(g,M) be the 2-cocycle induced from the abelian extension (h
′, φh′). Since Ψ
is a morphism of LeibDer pairs, one have (f, f) − (f ′, f ′) = ∂h. Therefore, the map Ext(g,M) →
H2LeibDer(g,M) is well-defined. Finally, these two maps are inverses to each other. Hence the
proof. 
5. Deformations of LeibDer pairs
In this section, we study formal one-parameter deformations of LeibDer pairs in which we deform
both the Leibniz bracket and the distinguished derivation. Our main results in this section are
similar to the standard cases.
Let (g, φg) be a LeibDer pair. We denote the Leibniz bracket on g by µ, i.e, µ(x, y) = [x, y], for
all x, y ∈ g. Consider the space g[[t]] of formal power series in t with coefficients from g. Then g[[t]]
is a K[[t]]-module.
5.1. Definition. A formal one-parameter deformation of (g, φg) consists of two formal power series
µt =
∞∑
i=0
tiµi ∈ Hom(g
⊗2, g)[[t]] with µ0 = µ,
φt =
∞∑
i=0
tiφi ∈ Hom(g, g)[[t]] with φ0 = φg
such that g[[t]] together with the bracket µt forms a Leibniz algebra over K[[t]] and φt is a derivation
on this Leibniz algebra.
Thus, in a formal deformation as above, the following identities hold: for n ≥ 0,∑
i+j=n
µi(µj(x, y), z) = µi(µj(x, z), y) +
∑
i+j=n
µi(x, µj(y, z)), (10)
∑
i+j=n
φi(µj(x, y)) =
∑
i+j=n
µi(φj(x), y) + µi(x, φj(y)), for x, y, z ∈ g. (11)
Both identities hold for n = 0 as (g, φg) is a LeibDer pair. However, for n = 1, we obtain
µ1([x, y], z) + [µ1(x, y), z] = µ1([x, z], y) + [µ1(x, z), y] + µ1(x, [y, z]) + [x, µ1(y, z)], (12)
φ1([x, y]) + φg(µ1[x, y]) = µ1(φg(x), y) + [φ1(x), y] + µ1(x, φg(y)) + [x, φ1(y)], (13)
for all x, y, z ∈ g. The identity (12) is equivalent to δL(µ1) = 0 and the identity (13) is equivalent to
δL(φ1) + δµ1 = 0. Here δL is the coboundary operator of the Leibniz algebra cohomology of g with
coefficients in itself. Thus, we have
∂(µ1, φ1) = (δL(µ1), δL(φ1) + δµ1) = 0.
5.2. Proposition. Let (µt, φt) be a formal one-parameter deformation of the LeibDer pair (g, φg).
Then the linear term (µ1, φ1) is a 2-cocycle in the cohomology of the LeibDer pair (g, φg) with
coefficients in itself.
The term (µ1, φ1) is called the infinitesimal of the deformation. If (µ1, φ1) = · · · = (µn−1, φn−1) =
0 and (µn, φn) is non-zero, then (µn, φn) is a 2-cocycle.
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5.3. Definition. Two deformations (µt, φt) and (µ
′
t, φ
′
t) of a LeibDer pair (g, φg) are said to be
equivalent if there exists a formal isomorphism ψt =
∑∞
i=0 t
iψi : g[[t]] → g[[t]] with ψ0 = idg such
that
ψt ◦ µt = µ
′
t ◦ (ψt ⊗ ψt) and ψt ◦ φt = φ
′
t ◦ ψt.
In other words, ψt is an isomorphism of LeibDer pairs from (g[[t]], µt, φt) to (g[[t]], µ
′
t, φ
′
t). By
equating coefficients of tn, we get∑
i+j=n
ψi ◦ µj =
∑
i+j+k=n
µ′i ◦ (ψj ⊗ ψk) and
∑
i+j=n
ψi ◦ φj =
∑
i+j=n
φ′i ◦ ψj .
The above identities hold for n = 0, however, for n = 1, we obtain
µ1 + ψ1 ◦ µ = µ
′
1 + µ ◦ (ψ1 ⊗ id) + µ ◦ (id⊗ ψ1) and φ1 + ψ1 ◦ φg = φ
′
1 + φg ◦ ψ1.
These two identities together imply that (µ1, φ1)− (µ
′
1, φ
′
1) = ∂(ψ1). Thus, we have the following.
5.4. Proposition. The infinitesimals corresponding to equivalent deformations are cohomologous.
Hence, they correspond to the same cohomology class.
5.1. Rigidity.
5.5. Definition. A formal deformation (µt, φt) of the LeibDer pair (g, φg) is said to be trivial if it
is equivalent to the undeformed one (µ′t = µ, φ
′
t = φg).
5.6. Definition. A LeibDer pair (g, φg) is said to be rigid if every formal deformation of (g, φg) is
trivial.
5.7. Theorem. Let (g, φg) be a LeibDer pair. If H
2
LeibDer(g, g) = 0 then (g, φg) is rigid.
Proof. Let (µt, φt) be any formal deformation of the LeibDer pair (g, φg). Then by Proposition
5.2 the linear term (µ1, φ1) is a 2-cocycle. Thus by the hypothesis, there exists a 1-cochain φ1 ∈
C1LeibDer(g, g) = Hom(g, g) such that (µ1, φ1) = ∂ψ1.
We define a formal isomorphism ψt = idg + tψ1 : g[[t]]→ g[[t]] and setting
µ′t = ψ
−1
t ◦ µt ◦ (ψt ⊗ ψt) φ
′
t = ψ
−1
t ◦ φt ◦ ψt. (14)
Then (µ′t, φ
′
t) is a deformation of the LeibDer pair (g, φg) equivalent to the deformation (µt, φt).
It follows from (14) that the deformation (µ′t, φ
′
t) is of the form µ
′
t = µ + t
2µ′2 + · · · and φ
′
t =
φg + t
2φ′2 + · · · . In other words, the linear terms (coefficients of t) of µ
′
t and φ
′
t vanish. One can
apply the same argument repeatedly to conclude that (µt, φt) is equivalent to (µ, φg). 
5.2. Finite order deformations and their extensions. In this subsection, we consider finite
order deformations of a LeibDer pair (g, φg). Given a deformation of order N , we associate a third
cohomology class in the cohomology of the LeibDer pair (g, φg) with coefficients in itself. When this
cohomology class is trivial, the order N deformation extends to a deformation of order N + 1.
5.8. Definition. A deformation of order N of a LeibDer pair (g, φg) consist of finite sums µt =∑N
i=0 t
iµi and φt =
∑N
i=0 t
iφi such that µt defines Leibniz bracket on g[[t]]/(t
N+1) and φt is a
derivation on it.
Thus, the following identities must hold∑
i+j=n
µi(µj(x, y), z) =
∑
i+j=n
µi(µj(x, z), y) + µi(x, µj(y, z)), (15)
∑
i+j=n
φi(µj(x, y)) =
∑
i+j=n
µi(φj(x), y) + µi(x, φj(y)), (16)
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for n = 0, 1, . . . , N . These identities are equivalent to
Jµ, µnK = −
1
2
∑
i+j=n,i,j>0
Jµi, µjK (17)
and − Jφg, µnK + Jµ, φnK =
∑
i+j=n,i,j>0
Jφi, µjK. (18)
5.9. Definition. A deformation (µt =
∑N
i=0 t
iµi, φt =
∑N
i=0 t
iφi) of order N is said to be extensible
if there is an element (µN+1, φN+1) ∈ C
2
LeibDer(g, g) such that (µ
′
t = µt + t
N+1µN+1, φ
′
t = φt +
tN+1φN+1) is a deformation of order N + 1.
Thus, two more equations need to be satisfied, namely,∑
i+j=N+1
µi(µj(x, y), z) =
∑
i+j=N+1
µi(µj(x, z), y) + µi(x, µj(y, z)),
∑
i+j=N+1
φi(µj(x, y)) =
∑
i+j=N+1
µi(φj(x), y) + µi(x, φj(y)).
The above two equations can be equivalently written as
δL(µN+1)(x, y, x) =
1
2
∑
i+j=N+1,i,j>0
Jµi, µjK (= Ob
3(x, y, z) say) (19)
δL(φN+1) + δ(µN+1)(x, y) =
∑
i+j=N+1,i,j>0
Jφi, µjK (= Ob
2(x, y) say) (20)
5.10. Proposition. The pair (Ob3,Ob2) ∈ C3LeibDer(g, g) is a 3-cocycle in the cohomology of the
LeibDer pair (g, φg) with coefficients in itself.
Proof. To prove that ∂(Ob3,Ob2) = 0, it is enough to show that δL(Ob
3) = 0 and δL(Ob
2) +
(−1)3δ(Ob3) = 0. We have
δL(Ob
3) = Jµ,Ob3K
=
1
2
∑
i+j=N+1,i,j>0
Jµ, Jµi, µjKK
=
1
2
∑
i+j=N+1,i,j>0
(JJµ, µiK, µjK− Jµi, Jµ, µjKK)
= −
1
4
∑
i′+i′′+j=N+1,i′,i′′,j>0
JJµi′ , µi′′K, µjK +
1
4
∑
i+j′+j′′=N+1,i,j′,j′′>0
Jµi, Jµj′ , µj′′KK (by (17))
=
1
4
∑
i′+i′′+j=N+1,i′,i′′,j>0
Jµj , Jµi′ , µi′′KK +
1
4
∑
i+j′+j′′=N+1,i,j′,j′′>0
Jµi, Jµj′ , µj′′KK
=
1
2
∑
i′+i′′+j=N+1,i′,i′′,j>0
Jµj , Jµi′ , µi′′KK = 0.
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To prove the second part, we observe that
δL(Ob
2) + (−1)3 δ(Ob3) = −Jµ,Ob2K + Jφg,Ob
3K
= −
∑
i+j=N+1,i,j>0
Jµ, Jφi, µjKK +
1
2
∑
i+j=N+1,i,j>0
Jφg, Jµi, µjKJ
= −
∑
i+j=N+1,i,j>0
(
JJµ, φiK, µjK + Jφi, Jµ, µjKK
)
+
1
2
∑
i+j=N+1,i,j>0
(
JJφg, µiK, µjK + Jµi, Jφg, µjKK
)
= −
∑
i+j=N+1,i,j>0
(
JJµ, φiK, µjK + Jφi, Jµ, µjKK
)
+
∑
i+j=N+1,i,j>0
JJφg, µiK, µjK
= −
∑
i+ j = N + 1,
i, j > 0
(
JJµ, φiK, µjK− JJφg, µiK, µjK) +
1
2
∑
i+ j′ + j′′ = N + 1,
i, j′, j′′ > 0
Jφi, Jµ
′
j , µ
′′
j KK (by (17))
= −
∑
i′+i′′+j=N+1,i′,i′′,j>0
JJφi′ , µi′′K, µjK−
∑
i+j=N+1,i,j>0
(JJφg, µiK, µjK− JJφg, µiK, µjK)
+
1
2
∑
i+j′+j′′=N+1,i,j′,j′′>0
(JJφi, µj′K, µj′′K + Jµj′ , Jφi, µj′′KK) (by (18))
= −
∑
i′ + i′′ + j = N + 1,
i′, i′′, j > 0
JJφi′ , µi′′K, µjK+
∑
i+ j′ + j′′ = N + 1,
i, j′, j′′ > 0
JJφi, µj′K, µj′′ K = 0.
Hence the proof. 
Note that the right hand sides of (19) and (20) does not involve µN+1 or φN+1. Therefore, the
cohomology class [(Ob3,Ob2)] ∈ H3LeibDer(g, g) is basically obtained from the order N deformation
(µt, φt). This class is called the obstruction class to extend the deformation. If this class is vanishes,
i.e, (Ob3,Ob2) is given by a coboundary, then
(Ob3,Ob2) = ∂(µN+1, φN+1) = (δL(µN+1), δL(φN+1) + δ(µN+1)),
for some (µN+1, φN+1) ∈ C
2
LeibDer(g, g). Then it follows from the above observation that (µ
′
t =
µt + t
N+1µN+1, φ
′
t = φt + t
N+1φN+1) is a deformation of order N + 1. In other words, (µt, φt) is
extensible. On the other hand, if (µt, φt) is extensible then (Ob
3,Ob2) is given by the coboundary
∂(µN+1, φN+1). Hence the corresponding obstruction class vanishes.
5.11. Theorem. A deformation (µt, φt) of order N is extensible if and only if the obstruction class
[(Ob3,Ob2)] ∈ H3LeibDer(g, g) is vanishes.
5.12. Theorem. If H3LeibDer(g, g) = 0 then every finite order deformation of (g, φg) is extensible.
5.13. Corollary. If H3LeibDer(g, g) = 0 then every 2-cocycle in the cohomology of the LeibDer pair
(g, φg) with coefficients in itself is the infinitesimal of a formal deformation of (g, φg).
6. Homotopy derivations on sh Leibniz algebras
The notion of sh Leibniz algebras was introduced in [1]. Here we will mostly emphasis on sh
Leibniz algebras whose underlying graded vector space is concentrated only in two degrees, namely
0 and 1. Such sh Leibniz algebras are called 2-term sh Leibniz algebras. We define homotopy
derivations on 2-term sh Leibniz algebras. Finally, we classify skeletal and strict 2-term sh Leibniz
algebras with homotopy derivations.
6.1. Definition. A 2-term sh Leibniz algebra consists of a chain complex A1
d
−→ A0 together with
bilinear maps l2 : Ai×Aj → Ai+j , for 0 ≤ i, j, i+ j ≤ 1 and a trilinear map l3 : A0×A0×A0 → A1
satisfying the following identities: for x, y, z, w ∈ A0 and m,n ∈ A1,
• dl2(x,m) = l2(x, dm),
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• dl2(m,x) = l2(dm, x),
• l2(dm, n) = l2(m, dn),
• dl3(x, y, z) = l2(l2(x, y), z)− l2(l2(x, z), y)− l2(x, l2(y, z)),
• l3(x, y, dm) = l2(l2(x, y),m) − l2(l2(x,m), y)− l2(x, l2(y,m)),
• l3(x, dm, y) = l2(l2(x,m), y) − l2(l2(x, y),m)− l2(x, l2(m, y)),
• l3(dm, x, y) = l2(l2(m,x), y) − l2(l2(m, y), x)− l2(m, l2(x, y)),
• l2(x, l3(y, z, w)) + l2(l3(x, z, w), y) − l2(l3(x, y, w), z) + l2(l3(x, y, z), w)
= l3(l2(x, y), z, w)− l3(l2(x, z), y, w) + l3(l2(x,w), y, z)
− l3(x, l2(y, z), w) + l3(x, l2(y, w), z) + l3(x, y, l2(z, w)).
A 2-term sh Leibniz algebra as above may be denoted by (A1
d
−→ A0, l2, l3). When A1 = 0, one
simply get a Leibniz algebra structure on A0 with the bracket given by l2 : A0 ×A0 → A0.
A 2-term sh Leibniz algebra (A1
d
−→ A0, l2, l3) is said to be skeletal if the differential d = 0. Skeletal
algebras are in one-to-one correspondence with tuples (g,M, θ) where g is a Leibniz algebra, M is
a representation of g and θ ∈ C3(g,M) is a 3-cocycle in the Leibniz algebra cohomology of g with
coefficients in M [25]. More precisely, let (A1
0
−→ A0, l2, l3) be a skeletal algebra. Then (A0, l2) is a
Leibniz algebra; A1 is a representation of it with left and right actions given by [x,m] := l2(x,m)
and [m,x] := l2(m,x), for x ∈ A0,m ∈ A1. Finally, the map l3 : A0 × A0 × A0 → A1 is a 3-cocycle
in the cohomology of A0 with coefficients in A1.
6.2. Definition. Let (A1
d
−→ A0, l2, l3) and (A
′
1
d′
−→ A′0, l
′
2, l
′
3) be 2-term sh Leibniz algebras. A
morphism between them consists of a chain map of underlying chain complexes (i.e, linear maps
f0 : A0 → A
′
0 and f1 : A1 → A
′
1 satisfying d
′ ◦ f1 = f0 ◦ d) and a bilinear map f2 : A0 × A0 → A
′
1
satisfying
• d(f2(x, y)) = f0(l2(x, y))− l
′
2(f0(x), f0(y)),
• f2(x, dm) = f1(l2(x,m))− l
′
2(f0(x), f1(m),
• f2(dm, x) = f1(l2(m,x))− l
′
2(f1(m), f0(x)),
• f1(l3(x, y, z)) + l
′
2(f0(x, y), f0(z))− l
′
2(f2(x, z), f0(y))− l
′
2(f0(x), f2(y, z))
+ f2(l2(x, y), z)− f2(l2(x, z), y)− f2(x, l2(y, z))− l
′
3(f0(x), f0(y), f0(z)) = 0,
for x, y, z ∈ A0 and m ∈ A1.
We denote the category of 2-term sh Leibniz algebras and morphisms between them by 2Leib∞.
6.3. Definition. Let (A1
d
−→ A0, l2, l3) be a 2-term sh Leibniz algebra. A homotopy derivation on
it consists of a chain map of the underlying chain complex (i.e, linear maps θ0 : A0 → A0 and
θ1 : A1 → A1 satisfying d ◦ θ1 = θ0 ◦ d) and a bilinear map θ2 : A0 × A0 → A1 satisfying the
following: for x, y, z ∈ A0 and m ∈ A1,
(a) dθ2(x, y) = θ0(l2(x, y))− l2(θ0(x), y)− l2(x, θ0(y)),
(b) θ2(x, dm) = θ1(l2(x,m)) − l2(θ0(x),m) − l2(x, θ1(m)),
(c) θ2(dm, x) = θ1(l2(m,x)) − l2(θ1(m), x) − l2(m, θ0(x)),
(d) l3(θ0(x), y, z) + l3(x, θ0(y), z) + l3(x, y, θ0(z))− θ1l3(x, y, z)
= l2(θ2(x, y), z)−l2(θ2(x, z), y)−l2(x, θ2(y, z))+θ2(l2(x, y), z)−θ2(l2(x, z), y)−θ2(x, l2(y, z)).
A 2-term sh Leibniz algebra with a homotopy derivation as above may be denoted by the pair
((A1
d
−→ A0, l2, l3), (θ0, θ1, θ2)). Such a pair is called a 2LeibDer∞ pair.
6.4.Definition. Let ((A1
d
−→ A0, l2, l3), (θ0, θ1, θ2)) and ((A
′
1
d′
−→ A′0, l
′
2, l
′
3), (θ
′
0, θ
′
1, θ
′
2)) be 2LeibDer∞
pairs. A morphism between them consists of a morphism (f0, f1, f2) between the underlying 2-term
sh Leibniz algebras and a linear map B : A0 → A
′
1 satisfying
• f0(θ0(x)) − θ
′
0(f0(x)) = d
′(B(x)),
• f1(θ1(m))− θ
′
1(f1(m)) = B(dm),
• f1(θ2(x, y))− θ
′
2(f0(x), f0(y)) = θ
′
1(f2(x, y)) − f2(θ0(x), y)− f2(x, θ0(y))
+ B(l2(x, y))− µ
′
2(B(x), f0(y))− µ
′
2(f0(x),B(y)).
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We denote the category of 2LeibDer∞ pairs and morphisms between them by 2LeibDer∞ pair.
6.5. Proposition. There is a one-to-one correspondence between skeletal 2-term sh Leibniz alge-
bras with homotopy derivations and triples ((g, φg), (M,φM ), (θ, θ)) where (g, φg) is a LeibDer pair,
(M,φM ) is a representation and (θ, θ) ∈ C
3
LeibDer(g,M) is a 3-cocycle in the cohomology of the
LeibDer pair (g, φg) with coefficients in (M,φM ).
Proof. Let ((A1
0
−→ A0, l2, l3), (θ0, θ1, θ2)) be a skeletal 2-term sh Leibniz algebra with a homotopy
derivation. Then it follows from Definition 6.3 (a) that θ0 is a derivation for the Leibniz algebra
(A0, l2). The conditions (b) and (c) of Definition 6.3 says that the pair (A1, θ1) is a representation
of the LeibDer pair (A0, θ0). Finally, the condition (d) implies that δL(θ2) + δ(l3) = 0. Thus
(l3,−θ2) ∈ C
3
LeibDer(A0, A1) is a 3-cocycle in the cohomology of the LeibDer pair (A0, θ0) with
coefficients in the representation (A1, θ1).
For the converse part, let ((g, φg), (M,φM ), (θ, θ)) be such a triple. Then it is easy to see that
((M
0
−→ g, l2 = [ , ], l3 = θ), (φg, φM ,−θ)) is a skeletal 2-term sh Leibniz algebra. These two
correspondences are inverses to each other. 
A 2-term sh Leibniz algebra (A1
d
−→ A0, l2, l3) is called strict if l3 = 0. Further, a homotopy
derivation (θ0, θ1, θ2) on it is said to be strict if θ2 = 0.
Crossed module of Leibniz algebras was introduced in [23]. See also [25]. Here we extend this
notion by introducing crossed module of LeibDer pairs.
6.6. Definition. A crossed module of LeibDer pairs consists of a quadruple ((g, φg), (h, φh), dt, φ)
in which (g, φg), (h, φh) are both LeibDer pairs, dt : g→ h is a morphism of LeibDer pairs and
φ : h× g→ g φ : g× h→ g
defines a representation of the LeibDer pair (h, φh) on (g, φg) satisfying the following conditions: for
m,n ∈ g and x ∈ h,
(a) dt(φ(x,m)) = [x, dt(m)],
dt(φ(m,x)) = [dt(m), x],
(b) [dt(m), n] = [m,n],
[m, dt(n)] = [m,n],
(c) φ([m,n], x) = [φ(m,x), n] + [m,φ(n, x)],
[φ(x,m), n] = [φ(x, n),m] + φ(x, [m,n]),
[φ(m,x), n] = φ([m,n], x) + [m,φ(x, n)],
(d) φg(φ(x,m)) = φ(φh(x),m) + φ(x, φg(m),
φg(φ(m,x)) = φ(φg(m), x) + φ(m,φh(x)).
When φg = 0, φh = 0 one simply get crossed module of Leibniz algebras. Therefore, the condition
(d) of the above definition is absent in a crossed module of Leibniz algebras.
6.7. Theorem. There is a one-to-one correspondence between strict 2-term sh Leibniz algebras with
strict homotopy derivations and crossed module of LeibDer pairs.
Proof. It has been proved in [25] that strict 2-term sh Leibniz algebras are in one-to-one correspon-
dence with crossed module of Leibniz algebras. More precisely, (A1
d
−→ A0, l2, l3 = 0) is a strict
2-term sh Leibniz algebra if and only if (A1, A0, d, l2) is a crossed module of Leibniz algebras, where
the Leibniz algebra structure on A1 and A0 are respectively given by [m,n] := l2(dm, n) = l2(m, dn)
and [x, y] = l2(x, y), for m,n ∈ A1 and x, y ∈ A0. It follows from Definition 6.3 that θ1 is a deriva-
tion on the Leibniz algebra A1 and θ0 is a derivation on the Leibniz algebra A0. In other words
(A1, θ1) and (A0, θ0) are both LeibDer pairs. Since θ0 ◦ d = d ◦ θ1, the map dt = d : A1 → A0 is a
morphism of LeibDer pairs. Finally, the conditions (b) and (c) of Definition 6.3 are equivalent to
the last condition of Definition 6.6. Hence the proof. 
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7. Categorification of LeibDer pairs
Leibniz 2-algebras are categorification of Leibniz algebras [25]. In this section, we introduce
categorified derivations (also called 2-derivations) on Leibniz 2-algebras.
Let Vect denote the category of vector spaces. A 2-vector space is a category internal to the
category Vect. Thus, a 2-vector space V is a category with a vector space of objects V0 and a
vector space of morphisms V1 such that all structure maps are linear. Let s, t : V1 → V0 be the
source and target maps respectively. Given a 2-vector space V = (V1 ⇒ V0), we have a 2-term
chain complex ker(s)
t
−→ V0. Conversely, any 2-term chain complex A1
d
−→ A0 gives rise to a 2-vector
space A = (A0 ⊕A1 ⇒ A0) with space of objects A0 and space of morphisms given by A0 ⊕A1; the
structure maps are given by s(x ⊕m) = x, t(x ⊕ m) = x + dm, for x ∈ A0 and m ∈ A1. It has
been shown in [5] that the category of 2-vector spaces and the category of 2-term chain complexes
are equivalent.
7.1. Definition. A Leibniz 2-algebra is a 2-vector space V with a bilinear functor [ , ] : V×V→ V
and a trilinear natural isomorphism
Jx,y,z : [[x, y], z]→ [[x, z], y] + [x, [y, z]], for x, y, z ∈ V0
commuting the following diagram
[[[x, y], z], w]
J[x,y],z,w
//
Jx,y,z

[[[x, y], w], z] + [[x, y], [z, w]]
Jx,y,w+1

[[[x, z], y] + [x, [y, z]], w]
J[x,z],y,w+Jx,[y,z],w

[[[x,w], y] + [x, [y, w]], z] + [[x, y], [z, w]]
J[x,w],y,z+Jx,[y,w],z+Jx,y,[z,w]

[[[x, z], w], y] + [[x, z], [y, w]] + [[x,w], [y, z]] + [x, [[y, z], w]]
Jx,z,w+1+1+Jy,z,w
// P
where P = [[[x,w], z], y] + [[x, [z, w]], y] + [[x, z], [y, w]] + [[x,w], [y, z]] + [x, [[y, w], z]] + [x, [y, [z, w]]].
7.2. Definition. Let (V, [ , ], J) and (V′, [ , ]′, J ′) be two Leibniz 2-algebras. A morphism between
them consists of a linear functor F = (F0, F1) from the underlying vector space V to V
′, a natural
transformation
F2(x, y) : [F0(x), F0(y)]
′ → F0[x, y]
such that the following diagram commute
[[F0(x), F0(y)]
′, F0(z)]
′ J
′
//
[F2,1]
′

[[F0(x), F0(z)]
′, F0(y)]
′ + [F0(x), [F0(y), F0(z)]
′]′
[F2,1]
′+[1,F2]
′

[F0[x, y], F0(z)]
′
F2

[F0[x, z], F0(y)]
′ + [F0(x), F0[y, z]]
′
F2+F2

F0[[x, y], z]
F0(J)
// F0([[x, z], y] + [x, [y, z]]).
Leibniz 2-algebras and morphisms between them forms a category. We denote this category by
Leib2.
In the next, we define 2-derivations on Leibniz 2-algebras. They are categorification of derivations
on Leibniz algebras.
7.3. Definition. Let (V, [ , ], J) be a Leibniz 2-algebra. A 2-derivation on it consists of a linear
functor D : V→ V and a natural isomorphism
Dx,y : D[x, y]→ [Dx, y] + [x,Dy], for x, y ∈ V0
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making the following diagram commutative
D[[x, y], z]
J
//
D[x,y],z

D([[x, z], y] + [x, [y, z]])

[D[x, y], z] + [[x, y], Dz]
[D,1]+1

[D[x, z], y] + [[x, z], Dy] + [Dx, [y, z]] + [x,D[y, z]]
[D,1]+1+1+[1,D]

[[Dx, y] + [x,Dy], z] + [[x, y], Dz]
J+J+J
// Q
where Q = [[Dx, z], y] + [[x,Dz], y] + [[x, z], Dy] + [Dx, [y, z]] + [x, [Dy, z]] + [x, [y,Dz]].
We call a Leibniz 2-algebra with a 2-derivation, a LeibDer2 pair.
7.4. Definition. Let (V, [ , ], J,D,D) and (V′, [ , ]′, J ′, D′,D′) be two LeibDer2 pairs. A morphism
between them consists of a Leibniz 2-algebra morphism (F = (F0, F1), F2) and a natural isomorphism
Φx : D
′(F0(x))→ F0(D(x)), for x ∈ V0
which makes the following diagram commutative
D′([F0(x), F0(y)]
′)
F2
//
D
′

D′(F0[x, y])
Φ[x,y]

[D′(F0(x)), F0(y)]
′ + [F0(x), D
′(F0(y))]
′
[Φx,1]
′+[1,Φy ]
′

F0(D[x, y])
D

[F0(D(x)), F0(y)]
′ + [F0(x), F0(D(y))]
′
F2+F2
// F0([Dx, y] + [x,Dy]).
We denote the category of LeibDer2 pairs and morphisms between them by LeibDer2.
It is shown in [25] that the category Leib2 is equivalent to the category 2Leib∞. This generalizes
the similar theorem for the case of Lie algebras [5]. Let us recall the construction of a 2-term sh
Leibniz algebra from a Leibniz 2-algebra and a Leibniz 2-algebra from a 2-term sh Leibniz algebra
[25].
Let (V, [ , ], J) be a Leibniz 2-algebra. Then (ker(s)
t
−→ V0, l2, l3) is a 2-term sh Leibniz algebra
where
l2(x, y) := [x, y], l2(x,m) := [x,m], l2(m,x) := [m,x], l2(m,n) := 0 and
l3(x, y, z) := pr(Jx,y,z),
for x, y ∈ V0, m, n ∈ ker(s) and pr denote the projection on ker(s).
Conversely, given a 2-term sh Leibniz algebra (A1
d
−→ A0, l2, l3), the corresponding Leibniz 2-
algebra is defined on the 2-vector space A = (A0 ⊕A1 ⇒ A0) with
[x⊕m, y ⊕ n] := l2(x, y)⊕ l2(x, n) + l2(m, y) + l2(m, dn),
Jx,y,z := ([[x, y], z], l3(x, y, z)).
7.5. Theorem. The categories LeibDer2 and 2LeibDer∞ are equivalent.
Proof. Here we only sketch the construction of a homotopy derivation from a 2-derivation and vice
versa. The rest of the verifications are similar to [5, Theorem 4.3.6].
Given a LeibDer2 pair (V, [ , ], J,D,D), we define a homotopy derivation on the 2-term sh Leibniz
algebra (ker(s)
t
−→ V0, l2, l3) by
θ0(x) := D(i(m)), θ1(m) := D|ker(s)(m) and θ2(x, y) := pr(Dx,y).
If (F0, F1, F2,Φ) is a morphism of LeibDer2 pairs, then (f0 = F0, f1 = F1|ker(s), f2 = pr ◦F2,B = Φ)
is a morphism between corresponding 2-term sh Leibniz algebras with homotopy derivations.
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Conversely, let ((A1
d
−→ A0, l2, l3), (θ0, θ1, θ2)) be a 2-term sh Leibniz algebra with a homotopy
derivation. We define a 2-derivation (D,D′) on the Leibniz 2-algebra (A0 ⊕A1 ⇒ A0, [ , ], J) by
D(x,m) := (θ0(x), θ1(m)) and Dx,y := ([x, y], θ2(x, y)).
If (f0, f1, f2,B) is a morphism of 2-term sh Leibniz algebras with homotopy derivations, then
(F0 = f0, F1 = f1, F2(x, y) = ([f0(x), f0(y)]
′, f2(x, y)),Φ = B) is a morphism between corresponding
LeibDer2 pairs. 
8. Conclusions
In this paper, we consider LeibDer pairs as noncommutative analog of LieDer pairs. We study
their (central and abelian) extensions and deformations from cohomological point of view. We define
homotopy derivations on sh Leibniz algebras and relate them with categorification of LeibDer pairs.
In [7,8] the author considered extensions and deformations of algebras over a binary quadratic
operad P . The results of the present paper can be extended to P-algebras with derivations. In
[12] we plan to systematically study extensions and deformations of a pair of a P-algebra and a
derivation on it.
Leibniz algebras play an important role in the study of Courant algebroids [18]. In [16,17] the
authors study deformation theory of Courant algebroids from algebraic and Poisson geometric point
of view. It might be interesting to explore the importance of derivations in a Courant algebroid and
one may extend the results of [16,17] in the context of Courant algebroids with derivations.
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